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Abstract
In a recent paper, Borowiecki and Lazuka showed that h-hypergraphs having the property that any two edges overlap
in a 6xed (h− 1)-subset of vertices are chromatically unique, but a step in their proof was faulty.
In this note a valid proof for this step is proposed.
c© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
A simple hypergraph H = (V;E), with order n = |V | and size m = |E|, consists of a vertex-set V (H) = V and an
edge-set E(H) = E, where E ⊆ V and |E|¿ 2 for each edge E in E. H is h-uniform, or is an h-hypergraph, if |E| = h
for each E in E. Let Ek(H) denote the set of k-edges of H for each 26 k6 n. A hypergraph, for which no edge is a
subset of any other is called Sperner. All hypergraphs considered in this paper are Sperner. Two vertices u, v of H are
in the same component if there are vertices x0 = u; x1; : : : ; xk = v and edges E1; : : : ; Ek of H such that xi−1, xi ∈Ei for
each i (16 i6 k) [1]. If H has only one component, then it is connected. If ∈N, a -coloring of a hypergraph H is
a function f :V (H) → {1; : : : ; } such that for each edge E of H there exist x, y in E for which f(x) 	= f(y). The
number of -colorings of H is given by a polynomial P(H; ) of degree |V (H)| in , called the chromatic polynomial
of H .
Lemma 1.1 (Tomescu [5]). Let H be a hypergraph of order n. Then P(H; ) = n + an−1n−1 + · · ·+ a1, where
ai =
∑
j¿0
(−1) jN (i; j) (16 i6 n− 1) (1)
and N (i; j) denotes the number of subhypergraphs of H with n vertices, i components and j edges.
Two hypergraphs H and G are said to be chromatically equivalent or -equivalent, written H ∼ G, if P(H; )=P(G; ).
A simple hypergraph H is chromatically unique if H is isomorphic to H ′ for every simple hypergraph H ′ such that
H ′ ∼ H ; that is, the structure of H is uniquely determined up to isomorphism by its chromatic polynomial. The notion
of -unique graphs was 6rst introduced and studied by Chao and Whitehead [3] (see also [4]).
2. Chromatically unique sunower hypergraphs
Let SH (n; h) denote the h-hypergraph H (unique up to isomorphism) de6ned as follows: |V (H)|= n¿ h¿ 3 and there
exists X ⊂ V (H), |X |= h− 1, V (H)\X = {x1; : : : ; xn−h+1} such that E(H) = (X ∪ {xi})16i6n−h+1.
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Lemma 2.1 (Borowiecki and Lazuka [2]). We have
P(SH (n; h); ) = n −
(
n− h+ 1
1
)
n−h+1 +
(
n− h+ 1
2
)
n−h − · · ·+ (−1)n−h+1: (2)
Proof. Because each subhypergraph of H with n vertices and i components (i6 n−h+1) has i−1 isolated vertices and
j=n− i−h+2 edges, it follows that N (i; j)=
(
n−h+1
n−h−i+2
)
for i6 n−h+1 and N (i; j)=0 for each n−h+26 i6 n−1,
hence formula (2) is a consequence of (1).
Theorem 2.2 (Borowiecki and Lazuka [2]). SH (n; h) is chromatically unique.
Proof. Let H be a hypergraph of order n such that
P(H; ) = n +
n−h+1∑
r=1
(−1)r
(
n− h+ 1
r
)
n−h−r+2:
Since any subhypergraph of H with n vertices and n − 1 components must contain only one 2-edge and an−1 = 0, it
follows by (1) that H has no 2-edges. Because an−2 = · · · = an−h+2 = 0, one deduces by induction on j¿ 2 that H has
no j-edges for 26 j6 h − 1 in the same way as in [2]. This implies that any subhypergraph of H with n vertices and
n − h + 1 components must contain only one h-edge. From (1) we deduce that an−h+1 = −N (n − h + 1; 1) = −|Eh(H)|,
hence H has exactly n− h+ 1 h-edges. Also(
n− h+ 1
2
)
= an−h =−|Eh+1(H)|+
∑
j¿2
(−1) jN (n− h; j): (3)
Note that N (n−h; j) counts the subhypergraphs consisting of a subset Y of vertices and n−h−1 isolated vertices, where
Y ⊂ V (H), |Y |=h+1 and Y contains exactly j h-edges, such that 26 j6 ( h+1h )=h+1, since E2(H)= · · ·=Eh−1(H)=∅.
If Y ⊂ V (H) includes j h-edges, its contribution to the sum in (3) is precisely ∑jr=2 (−1)r ( jr )= j− 1, because for each
r¿ 2 the union of any r h-edges included in Y equals Y . If we denote by r(Y ) the number of h-edges included in Y ,
we can write
− |Eh+1(H)|+
∑
|Y |=h+1; r(Y )¿2
(r(Y )− 1) =
(
n− h+ 1
2
)
: (4)
But j − 16 ( j2) implies r(Y )− 16p(Y ), where p(Y ) denotes the number of unordered pairs of h-edges contained by
Y . It follows that∑
|Y |=h+1; r(Y )¿2
(r(Y )− 1)6
∑
|Y |=h+1
p(Y )6
(
n− h+ 1
2
)
; (5)
because any pair of h-edges M , N with the property that |M ∪N |= h+1 is counted only once, relatively to Y =M ∪N .
From (4) and (5) we deduce that Eh+1(H)=∅, r(Y )=2 for any Y ⊂ V (H), |Y |=h+1 satisfying r(Y )¿ 2, and for every
two edges E1, E2 ∈Eh(H) we have |E1∪E2|=h+1. We shall prove that the set of h-edges of H induces a subhypergraph
isomorphic to SH (n; h). For this let us consider two h-edges E1, E2. It follows that |E1 ∪ E2| = h + 1, hence there exist
Z ⊂V (H), |Z |= h− 1 and x; y 	∈ Z , x 	= y such that E1 = Z ∪ {x} and E2 = Z ∪ {y}. We have r(Z ∪ {x; y}) = 2, hence
Z ∪ {x; y} contains only edges E1 and E2. Let E3 be another h-edge of H . Because |E1 ∪ E3| = h + 1 it follows that
there exist t 	∈ Z ∪ {x; y} and w∈ Z such that three cases can occur: (i) E3 = Z ∪ {t}; (ii) E3 = (Z\{w}) ∪ {x; t}; (iii)
E3 = (Z\{w}) ∪ {x; y}. In case (ii) we get |E2 ∪ E3|= h+ 2, which contradicts the property that any two edges contain
together h+1 vertices and in case (iii) we have r(Z ∪{x; y})=3 since Z ∪{x; y} includes E1, E2 and E3, a contradiction.
In the same way we can deduce that if Eh(H) includes edges (Z ∪ {xi})16i6s, where Z ⊂ V (H) and |Z | = h − 1,
vertices xi are distinct and xi 	∈ Z for 16 i6 s, then s¡n − h + 1 implies that any new edge E diEerent from any
Z ∪ {xi} has the form Z ∪ {xs+1}, where xs+1 	∈ Z and is diEerent from x1; : : : ; xs. It follows that the h-edges of H induce
a subhypergraph isomorphic to SH (n; h) and Eh+1(H) = ∅.
Now an−h−1 = −|Eh+2(H)| +
∑
j¿2 (−1) jN (n − h − 1; j) = −|Eh+2(H)| − N (n − h − 1; 3) = −|Eh+2(H)| −
( n−h+1
3
)
.
Because an−h−1 =−
( n−h+1
3
)
, it follows that Eh+2(H)= ∅ and by induction one obtains Ek(H)= ∅ for any h+16 k6 n.
Hence H is isomorphic to SH (n; h), which concludes the proof.
Note that the proof in [2, p. 297] is based upon the inequality xi¿ (i+1)xi+1 for every 26 i6 h, where xi denotes the
number of selections of i h-edges E1; : : : ; Ei from E(H) such that |⋃is=1 Es|= h+1. If Y ⊂ V (H) is such that |Y |= h+1
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and E(H) consists of all h-subsets of Y , it is clear that xi =
( h+1
i
)
, which is a unimodal sequence when i = 2; : : : ; h and
this inequality is not true for each i.
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